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A magnetic field approach is presented whereby a large number of closely located
satellites can be positioned and oriented relative to each other, but can also be tracked in
six degrees of freedom. This is accomplished by using frequency-multiplexed magnetic
fields where coils are placed on each satellite to allow them to generate magnetic fields, to
interact with the magnetic fields from other satellites, and to sample the surrounding
magnetic fields. By doing this, a satellite can choose which alternating field to push or pull
against, to provide torque about, or to sample in order to determine its location and
orientation relative to the other satellites. Theory is provided demonstrating the capability
of this approach along with its advantages and limitations. An experimental system
allowing 3 degrees-of-freedom was constructed and used to demonstrate a feedback and
control systemwhere a satellite is told to move to a location and it does this by interacting
with the surrounding satellites to both generate forces and torques and to track its
position and orientation.

& 2016 Published by Elsevier Ltd. on behalf of IAA.
1. Introduction

There is continued interest in developing close range
satellite formation flying systems, or satellite swarms, as
indicated by the demonstration of the Synchronized
Position Hold, Engage, Reorient Experimental Satellites
(SPHERES) project on the International Space Station [ISS]
[1]. This system demonstrates an electromagnetic
formation-flying concept developed over several years by
MIT researchers [2–5] where coils on satellites produce
constant magnetic fields whose dipole moments can be
controlled. By adjusting the direction of the dipole
moments in a cluster of satellites the orientation and
position of the satellites can be controlled within the
alf of IAA.

Nurge),
formation. However, due to the limited number of degrees
of freedom in this approach, adjusting one satellite
requires that all of the other satellites in the formation be
adjusted as well, leading to control difficulties [6]. One way
to alleviate this complexity is to frequency multiplex the
magnetic fields produced by the satellites; a technique we
described in a previous paper [7]. Each coil on each
satellite can generate an oscillating magnetic field at a
unique frequency so that it can produce synchronous
oscillations with whichever other satellite coil it needs to
interact, allowing it to yield the appropriate force or torque
to achieve a given formation. This decouples the formation
problem allowing forces and torques to be directed as
desired throughout the swarm.

However, a satellite formation requires more than the
production of forces and torques, it also requires a tracking
and global communications system whereby each satellite
knows its position and orientation relative to the other
satellites in the formation. SPHERES uses an ultrasonic
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Fig. 1. By driving three reference coils, 1, 2, and 3, with currents at dif-
ferent frequencies, the position and orientation of the small mobile
satellites relative to the large coils can be determined.
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transmission system to provide position and attitude
information [8], which is possible because SPHERES is
operated within the air-filled portion of the ISS, but of
course this approach will not work in the vacuum of space.
Space applicable, relative navigation technology develop-
ment for precision formation flying is called out in the
NASA Roadmap on Communication and Navigation Sys-
tems [9]. Technologies such as image processing and laser
rangefinders are suggested as possibilities, but image
processing may not provide the accuracy needed for many
applications and laser rangefinders become complicated
and expensive when applied to a swarm with a large
number of satellites.

In this paper, we describe an alternative relative navi-
gation approach that uses the induced voltage in coils
attached to satellites to determine their relative position
and orientation. A key advantage of this approach is that it
utilizes the same coils used to generate forces and torques,
thereby minimizing additional structure to the formation
of flying system. Also, significant redundant information is
available, helping to ensure the reliability of this approach,
but the key performance issue is whether the positional
and angular resolution and accuracy that can be achieved
with magnetic induction is sufficient. This will be dis-
cussed below. Then we will demonstrate a system where a
mock-satellite, allowed to move in two dimensions and
rotate about one axis, is located between four coils
representing nearby satellites. In this system, forces and
torques can be generated and the magnetic fields from the
nearby satellites can be sampled to provide positional and
angular information. The mock-satellite can be told to
move to a given location and by using a feedback and
control process, it determines how far it is from its goal
and generates corresponding forces and torques to move
to and then hold its position.
2. System operation description

In our previous paper [7], we showed that three line-
arly independent magnetic fields, each oscillating at a
different frequency, were sufficient to generate the forces
and torques needed to position and orient a satellite
containing three orthogonal coils. We will not repeat that
analysis here. However, we now need to verify that with
the same coil configurations that sufficient information
content is available to determine the position and orien-
tation of the satellites as they move within the formation.
With that in mind, we consider two different scenarios,
both important to satellite formation flying. In the first
scenario, it is assumed that multiple satellites must be
positioned and oriented relative to a large nearby structure
on which three reference coils can be located. This sce-
nario would be useful for creating a large telescope where
the mobile satellites would carry mirror elements. In the
second scenario, the large reference coils are removed,
leaving multiple identical mobile satellites that must track
their location and orientation relative to the other satel-
lites in the formation, i.e., a swarm. This scenario would be
useful when a remote task, such as carrying a net to cap-
ture an asteroid, is required. These two cases are described
below and in each case it is assumed that the mobile
satellites contain three coils oriented along orthogonal
planes.

2.1. Reference coil case

Fig. 1 shows the reference coil case where three large
coils, labeled 1, 2, and 3, are driven with a current oscil-
lating at frequency f1, f2, and f3, respectively. This creates
three magnetic fields, B

!
iðx; y; zÞ cos ½2πf itþϕi�, i¼ 1;2;3,

each oscillating at a different frequency and each being
spatially independent from the other two at every location
in space due to having distinct generating coils. We
assume that these three magnetic fields are well known,
either through measurement or through modeling, and
due to the large size of the reference coils, that these
magnetic fields have significant amplitudes throughout
the space occupied by the small, mobile satellites; shown
in Fig. 1 and labeled, A, B, C, and D. Each of these mobile
satellites has three pick-up coils located on orthogonal
planes and which will be indexed as j¼ 1;2;3. Recall that
Faraday's Law states that there will be an induced voltage
in each of the mobile satellite coils caused by the change in
magnetic flux passing through the area of the coil. So
looking at satellite C, for example, there will be a set of
induced voltages, VCij(t), given by

VCij tð Þ ¼ � ∂
∂t

Z
coil area;Cj

B
-

x; y; zð Þ cos 2πf itþϕi

� � � dACj

-

¼ 2πf i sin 2πf itþϕi

� �Z
coil area;Cj

B
-

iðx; y; z; tÞ � dACj

-

:

ð1Þ
Since the magnetic fields are spatially independent and the
frequencies are not equal, the voltages, VCij(t), obtained
from the coils on satellite C represent nine independent
measurements. Since position and orientation determination
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require six degrees of freedom, these nine measurements
provide more than enough information to track satellite C.
The other mobile satellites, A, B, and D produce their own
sets of nine voltages and can also fully determine their
location and orientation relative to the three large coils.

2.2. Swarm satellite case

The swarm satellite case, as shown in Fig. 2, consists of
a number, N (we will use the subscript k¼1,…, N to index
the individual satellites), of identical satellites. The three
large reference coils are no longer present and this com-
plicates the situation for two reasons; there is no longer a
universal set of magnetic fields that the satellites can
sample and the satellites are no longer coupled to a
reference object. These two issues will be discussed below
with two goals: (1) to provide enough information that the
position and orientation of the satellites in the swarm can
be known relative to the other satellites and (2) to provide
information on the position and orientation of the entire
swarm relative to some external object.

One might suggest that the satellites in the swarm can
be tracked by choosing a single satellite and using it to
supply the magnetic fields for the entire swarm, i.e., letting
one satellite act as the three reference coils described in
the preceding case. However, this is not feasible because
Fig. 2. By driving each satellite coil with a different frequency, nearest
neighbors can determine their relative location and orientation. However,
an independent system is needed to provide a total swarm position and
orientation.

Fig. 3. Three aligned coils used to determine the resolution and accuracy of an id
satellites.
the relatively small size of the satellite coils limits the
range over which its magnetic fields can be reliably sam-
pled. Instead, we adopt a nearest neighbor approach. We
drive an oscillating current through each satellites coils at
frequencies, f j;k, where j¼ 1;2;3 indexes the three coils on
each satellite number k. We set each of these 3N fre-
quencies to different values so that there are 3N generated
magnetic fields, each independent of both time and space
from the others. Now assume that every satellite in the
swarm is close enough to at least one other satellite that it
can measure that satellites magnetic fields with its coils
using Faraday's Law. That means, from the argument in the
previous section, that each satellite can determine its
position and orientation with respect to at least one other
satellite in the swarm since it has nine independent
measurements and only requires six. Assuming that all of
the satellites in the swarm are connected through a
nearest neighbor chain then all of the satellites in the
swarm can track their position and orientation relative to
all of the other satellites in the swarm. Quantifying this,
the total minimum amount of information available to the
swarm is greater than the total required degrees of free-
dom as

9N46ðN�1Þ: ð2Þ
Note that the total degrees of freedom required are
6ðN�1Þ and not 6N because we are only determining the
position and orientations of the satellites relative to each
other. For example, if there are only two satellites all we
can determine is the position of one relative to the other,
i.e., 6 parameters. However, in order for a swarm to be
useful its overall position and orientation must be known,
for example, where is the swarm relative to a space vehicle
or asteroid. Assuming that large reference coils are not an
option, this global tracking requirement would need to be
accomplished by some technique beyond that described in
this paper, for example, image processing or laser tracking.
3. Resolution and accuracy

In our previous paper, we demonstrated that the
magnetic forces between satellites could be controlled
precisely enough to position mirrors on a future space
telescope where a mirror element is attached to each
satellite in the formation. The corresponding question in
the present context is, “What is the resolution and accu-
racy of the position and attitude determination of the
satellites using magnetic field sampling?” This is not an
ealized configuration representing one satellite located between two other
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easy question to answer since it depends on the magni-
tudes and derivatives of the magnetic field components
throughout space, so we have decided to address this by
considering an idealized case. Assume that a satellite is
located between two other satellites such that an identical
coil on each satellite is aligned along a single axis, as
shown in the experimental system in Fig. 3. The center coil
is located on a translation stage allowing it to be moved
along this axis while its induced voltage is monitored,
simulating the motion of the center satellite between two
outer satellites. The outer two coils are driven with the
same frequency and current but with opposite phases so
that the total magnetic field at the center location between
them is canceled. Note that the two coils could be driven
with different frequencies and the two center coil-induced
voltage frequency components subtracted to obtain the
same result, but using one frequency is simpler for this
experiment.

The theoretical analysis of this experiment is useful
because it shows how the performance of the system
scales with various parameters. We have analyzed the
system using elliptical integral expressions for the mag-
netic fields, see Appendix A [10], but the approximate far
field magnetic field expressions are reasonably accurate
and more clearly show the functional dependence. Using
Lorrain and Corson [11] the far field magnetic induction
along the axis of a coil with n current loops is

B¼ μ0nI
4π

2πa2

z3
; ð3Þ

where μ0 ¼ 4π � 10�7 N=A2, I is the current in one loop, a
is the coil radius, and z is the distance along the coil axis. If
a coil is excited by a sinusoidal voltage with peak value, Vp,
the peak current, Ip, induced in the coil is given by

Ip ¼
Vpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2πf LÞ2þR2
L

q � Vp

2πf L
; ð4Þ

where f is the frequency of the drive voltage, L is the
inductance of the coil, and RL is the resistance of the coil.
We chose to operate at a high enough frequency that
2πfL⪢RL so that the approximation shown in Eq. (4) is
valid. Another equation from Lorrain and Corson [11]
provides an approximation for the inductance,

L¼ μ0n
2πa2K=d; ð5Þ

where d is the length of the coil and K is the Nagaoka
coefficient [12], a dimensionless correction value that is
approximately 1 for a long solenoid, d⪢a, and approaches
0 for a short coil, d⪡a. Combining Eqs. (3)–(5) yields an
expression for the peak magnetic field,

Bp ¼
d

4πf z3nπK
Vp: ð6Þ

If only one of the outer coils in Fig. 3 has a voltage applied
to it, then the peak induced voltage in the center coil, vp, is
found from Eqs. (1) and (6) to be

vp ¼ 2πfð Þ πa2� �
nBp ¼ da2

2z3K
Vp: ð7Þ

This relatively simple expression relating the drive voltage
on one satellite to the induced voltage on a second satellite
shows that larger area coils respond better than smaller area
coils. It is worth noting that this expression is independent of
the drive frequency, which provides several advantages.
Working at high frequency minimizes the power needed to
drive the inductors due to the large inductive impedance. It
allows frequencies to be selected where noise is minimal and
where interference with other RF needs is eliminated. It also
means that the induced voltages generated at different fre-
quencies can be compared directly without performing fre-
quency compensation.

Now, assume that the center coil in Fig. 3 is located a
distance z0þΔz from one outer coil and z0�Δz from the
other outer coil and assume that Δz⪡z0. This models the
situation where the center coil is located within a small
region around the center point of the two outer coils.
Recalling that the two outer coils are driven with opposite
phases the peak voltage induced in the center coil is now
the sum of the two outer coil effects. So from Eq. (7),

vp ¼
da2

2ðz�ΔzÞ3K
Vp�

da2

2ðzþΔzÞ3K
Vp �

3da2Vp

z40K
Δz: ð8Þ

This expression shows that the total induced voltage in the
center coil varies linearly with position about the center
point. The error in positioning the center coil is given by
the derivative of this expression with respect to Δz and
because this is linear the error is independent of position.
Let Δzr be the position resolution of the system, which is
given by

Δzr ¼
z40K

3da2Vp

Δvp; ð9Þ

where Δvp is the voltage resolution of the system, i.e., the
error in the determination of the peak induced voltage in
the center coil due to noise.

The coils used in the experiment each have 320 wraps
of wire, a radius of 0.07 m and a thickness of 0.0175 m.
Since the ratio of radius to thickness is 4, the Nagaoka
coefficient, K, is equal to 0.24 [11,12]. The spacing between
the outer coils in Fig. 3 is 1 m, so z0 ¼ 0:5 m. Using these
values in Eq. (7) yields vp ¼ 0:00143Vp, the inductance is
calculated from Eq. (5) to be 0.027 H, and the change in
peak voltage as the center coil is moved is 0.17 V/m from
Eq. (8). These results are all approximately in agreement
with experiment (to within 10%) indicating the functional
dependencies shown are correct.

Using the more accurate elliptical integral expressions
for the magnetic fields, we can calculate the induced vol-
tage on the center coil as it is displaced over substantial
distances and compare this with the experimental results
(see Appendices A and B). The result is shown in Fig. 4
where we have used a coil inductance of 0.0245 H. Not
only does the experimental data well match the theory,
but both show a broad, nearly constant slope, region
centered between the coils. This indicates that the result
shown in Eq. (9) is approximately correct for a larger
region than was indicated by the Δz⪡z0 assumption. The
presence of this large constant slope region makes this
positioning approach attractive as a displacement sensor
and it has been patented as such for both one-dimensional
[13] and two-dimensional [14] cases.



Fig. 4. Prediction versus theory for the induced RMS voltage of the sys-
tem shown in Fig. 3 versus position of the center coil.
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The experimentally determined slope at the center
point is 0.117 V(RMS)/m when driving the outer coils with
a 2 kHz sinusoidal 10 V peak voltage. Using a lock-in
amplifier we measured the noise floor of the system as
0:4 μV=

ffiffiffiffiffiffi
Hz

p
. This implies that the positioning resolution is

3.4 μm using a one-second integration time. By integrating
over longer time periods, or modifying the coil parameters
sub-micron resolution should be obtainable, which indi-
cates that it might meet the requirements for mirror
positioning in a future space telescope. In addition, the
noise appears to be due to either test equipment limita-
tions or background EMF being detected by the center coil,
and is not due to the positioning system itself, so further
resolution improvements may be possible.

Even though this positioning approach has excellent
resolution, eddy current issues limit its accuracy. The
presence of metal, i.e., conductive objects, causes eddy
currents to flow and additional magnetic fields to be
generated. Consequently, as the satellites move, their
metallic parts cause the magnetic fields to be altered in
ways that are difficult to track, and results in errors in
accurately determining location. The magnitude and
impact of this effect is difficult to estimate. In the case of a
space telescope, once the mirrors are adjusted to yield an
optimal focus the satellites are simply held in position and
resolution, not accuracy, is the key issue. But in a swarm
application where the satellites are moving significant
relative distances, eddy current issues may limit the sys-
tem performance to millimeter positioning accuracy
instead of micron level performance.

As discussed in our previous paper, force and torque
generation are accomplished by generating current in the
coils, which requires the modulation frequencies be small
such that 2πfLoRL. For the coils used in this paper the
inductance is about 0.024 H and the resistance is about
6Ω, so modulation frequencies less than 40 Hz would be
optimal. However, as was shown in Eq. (7), the induced
voltage in one coil is independent of the drive frequency in
another coil. So the positioning system is independent of
frequency and modulation frequencies in the kilohertz
range reduce power requirements and allow the detection
electronics to circumvent 1=f noise. Ideally, the coils are
used in two different frequency bands, one low frequency
band to generate forces and torques and one higher
frequency band to generate the magnetic fields used for
tracking the satellites.
4. Experimental demonstration of a feedback and
control relative navigation system

An experiment was performed to demonstrate that
magnetic coils could be used to both provide force and
torque to a satellite as well as provide information on the
location and orientation of the satellite. This experiment
was not meant to optimize the performance of the
approach, but to demonstrate feasibility. With that in
mind, several design decisions were made that compro-
mised the performance of the system, but that made the
implementation of an operational system easier.

In space, the pseudo-forces on the satellites in the
formation are primarily due to orbital variations; satellites
further from the gravitational center move more slowly
than those that are closer while two satellites at the same
distance but having slightly different orbital inclinations
will move toward and away from each other, completing
one cycle per orbital period. So locally, these pseudo-forces
can be of constant magnitude or can be oscillatory or some
combination of these. Our simulator, using a freely hang-
ing satellite, does not model either of these cases; instead
modeling a spring type force that is dependent on the
amount of twist felt by the string/wires attached to the
mock-satellite. Consequently, even though we demon-
strate in three-degrees-of-freedom that a satellite can be
propelled, twisted, and tracked, this is in a system with
known time constants (the oscillation periods of the
hanging satellite due to induced torques). In any specific
orbital case, there will be determinable pseudo-force
magnitudes and time constants. The positioning system
will need to account for these in order to overcome them
as well as to not cause runaway oscillations.

The experimental system is shown in Fig. 5. Four coils
were placed in fixed locations around a hanging coil
assembly that represents the satellite. A double mobile
configuration was used so that the satellite could move in
two spatial dimensions and could rotate about one axis,
modeling a three degree-of-freedom system. The satellite
is shown in Fig. 6 and consists of four coils attached to a
Plexiglas plate. Four coils were used instead of two in
order to obtain a symmetric configuration and to simplify
the system operation; instead of combining voltages at
different frequencies on one coil we could separate signals
onto different coils. The aluminum frame on the satellite is
used to provide reference strips for a set of four laser
rangefinders. The laser rangefinders, shown in Fig. 5 with
the white cables, provided an independent measurement
of the position and position stability of the satellite during
operation of the system.

Fig. 7 is a circuit diagram for modeling a coil and its
associated switching circuitry. The coil is represented as the
sum of three components and a switching system is used to
both drive current through the coil and to read its induced
voltage. It would be preferable to use the coil for both force
generation and magnetic field detection simultaneously, but
the large drive voltage then appears along with the detection



Fig. 6. A satellite simulator was composed of four coils attached to a
Plexiglas plate. An aluminum frame was attached to this to provide a
reflectance bar for the laser rangefinders.

Fig. 7. A pair of switches are used to both monitor the induced voltage on
a coil (VE) and drive current through the coil (via VD).

Fig. 5. The satellite was suspended using Kevlar string in a double
mobile, allowing it to freely move in two spatial dimensions and rotate
about an axis. Four fixed drive coils were used to provide frequency
multiplexed magnetic fields corresponding to those produced by other
satellites in the formation. The four laser rangefinders, shown with white
cables attached, were used to independently track the motion of the
satellite.
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signals and, even though it is in a different frequency band, its
effects are difficult to remove. We made several attempts to
isolate the drive and detection sections of the circuitry but
always ended up with a reduction in power available when
driving the coil. So we decided to use a pair of alternate state
switches to separate the drive voltage from the detection
voltage. We also ensured through the use of JFET op-amps
that the detection voltage load resistor, R, was very large,
minimizing the current draw through the coil during the
detection period. Drawing current through the coil causes
phase and amplitude shifts that degrade the system perfor-
mance. With large R, the voltage output V is approximately
equal to VE. When the switches are in the opposite position of
that shown in Fig. 7 it allows the coil to be driven with the
appropriate frequency waveform to generate the forces nee-
ded to change the location of the satellite.

We made a decision to operate the force/torque gen-
eration portion and the tracking system at the same fre-
quencies. This was done in order to minimize the number
of function generators used in the system and to allow the
drive coils to be driven at single frequencies. Four dual
channel function generators, shown in the system block
diagram in Fig. 8, provided four primary drive signals at
270, 290, 310, and 330 Hz, one for each drive coil. The
secondary channels were configured to provide a signal
that was 180° phase shifted from each primary one. The
outputs from the function generators were connected to
the eight inputs on an 8�8 variable gain audio switch. The
eight switch outputs were then routed to four dual-
channel low impedance audio amplifiers to drive each
coil with the proper frequency and phase. The switch was
also used to route the desired primary or secondary signal
to each of the four satellite coils and to coarsely vary its
amplitude. When a drive and satellite coil face each other,
an in-phase signal of the same frequency results in a
repulsive force. Likewise, an out-of-phase signal results in
an attractive force. A satellite coil that is approximately
perpendicular to a given drive coil will cause the satellite
to feel a torque when that individual coil is driven at the
same frequency, where the phase relationship controls the
direction of the torque.

The frequencies we selected are still low enough that
substantial current can be forced across the coils against
the inductive impedance, yet high enough that the
induced voltages can be monitored with relatively low
noise. The voltage V contains the frequency components of
each of the surrounding drive coils and must be run
through appropriate filtering to segregate the coupled
signals. For this purpose, we constructed 16 custom lock-in
amplifier circuits to monitor the voltage levels associated
with four different drive frequencies on each of the four
satellite coils. These circuits, coupled with the data
acquisition system, required a few seconds to produce a
low noise measurement. The forces are small, so the dis-
placement of the satellite is small during the monitoring
period, yet this does result in some error in the position
measurement.

We can write down the equation for the voltages that the
coil should see at a given location and orientation based on
the equations in the appendices, but the challenge is to solve
the resultant inverse problem. If we have multiple voltages
from the various coils and frequencies on a satellite how do
we find the position and orientation of the satellite? One



Fig. 8. A block diagram of the electronics configuration used for the system test. Four function generators (FG1–FG4) were used to generate the eight
different drive signals. The 8�8 audio switch was used to apply the signal to the desired coil. The amplifiers provided the needed drive current and some
custom build electronics used lock-in amplifiers and switches to read position from the four satellite coils.

Fig. 9. This diagram shows the geometry and coordinate system used
during testing. The voltage readings on the satellite coils were used to
control determine the amount of feedback to apply based on differences
with from a user selected set point. Four laser displacement sensors were
used to track the satellite position (XS, ZS) and the rotation angle, θ. These
measurements were used to track the satellite position and to determine
how well it maintained position upon reaching the set point.
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solution is to determine the voltages that the satellite will
produce at a number of discrete locations and orientations.
Then take the voltages from the satellite coils and find the
best fit from a look up table and then perform a linear
interpolation between nearby tabulated locations and orien-
tations. Wewere able to demonstrate this using Mathematica,
but a real-time version suitable for feedback and control was
left for future implementation. The double mobile approach is
not ideal; the force needed to move the satellite is dependent
on the location of the counterweights and the string/wiring
going to the satellite acts as a spring, which tries to return the
satellite to a starting location. Even so, this approach is suf-
ficient to demonstrate the concept and was relatively easy to
implement. An enclosure was constructed around the
experiment in order to minimize the effects of airflow.

Significant testing was performed with this system and
a wide variety of feedback and control systems tested.
Starting the satellite at a stationary location and orienta-
tion and telling it to move to a nearby location where the
induced voltages were known yielded the best perfor-
mance. By carefully choosing which induced voltages best
represented displacement and which represented orien-
tation, and by noting which drive current generated dis-
placement forces and which generated torques, a complete
feedback and control system could be demonstrated.
Essentially, voltages proportional to the difference betw-
een the induced voltage at a current location and the
induced voltages at the end location were fed back to the
coils to push and twist the satellite into its desired posi-
tion. An L2 norm of the differences was used to keep track
of how close the satellite was to the final position and used
to control the step size of the feedback.

To simplify things further, one quadrant of the system
was used (see Fig. 9) with drive coils D2 and D3 set to
push/ pull on satellite coils S2 and S3, respectively. Satel-
lite coil S1 was used to control the torque from D2 to
rotate the satellite. The four laser rangefinders were used
to track the position (XS, ZS) and angle, θ, of the satellite
and to evaluate how well the feedback and control system
could maintain position once it reached the set voltages.
Results for one of the control demonstration tests are
shown in Fig. 10. For this test, the satellite coils alternated
between 5 s drive and 2.5 s read periods. If the voltage
difference between the set and read voltages was less than
or equal to 0.015 V, the drive voltage was maintained at



Fig. 10. Test results from a control demonstration test with alternating
5 s drive and 2.5 s read periods. The top plot shows the figure of merit
based on the L2 norm of the difference between the set and read vol-
tages. The other plots show the position of the satellite per Fig. 9.
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the level used in the previous drive period. The plots show
that the figure of merit was able to reach a level of
approximately 0.02 V. The satellite angle moved approxi-
mately 0.2° and maintained position to within around
70.05°. The position plots show that the satellite tra-
versed about �0.9 cm in the x direction and around
�0.9 cm in the z direction. The final position was held to
within 70:025 cm.
5. Conclusions

We have demonstrated a relative navigation system for
satellites flying in formations or swarms. The system relies
on placing coils on each satellite and using these coils to
generate modulated magnetic fields at different fre-
quencies. This allows each satellite to monitor the induced
voltages on its coils—sampling the frequency multiplexed
magnetic fields—and using this to determine its position
and attitude relative to the other satellites in the forma-
tion. We have shown that sub-micron position resolutions
are possible using this approach, but that eddy current
issues limit the accuracy of the approach. Even so, appli-
cations where the satellites are held in position, such as
fixing the position and angles of the mirrors on a future
multi-element space telescope, depend on resolution and
not accuracy. The mirror's final optimal positions are
determined by a focus adjustment process and after that
they only need to be held. Other applications, such as
controlling the motion of a swarm of satellites, may only
require millimeter position accuracy and we have
demonstrated that level of performance with a non-ideal
experimental system. Future work in this area will be
dependent upon choosing a specific application.
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Appendix A. Magnetic field components of a current
loop

The magnetic field components for a current loop
shown in Fig. A1 are given below in Cartesian coordinates
[10]. The following substitutions are used for simplicity:
ρ2 � x2þy2, r2 � x2þy2þz2, α2 � a2þr22aρ, β2 � a2þr2þ
2aρ, k2 � 1α2=β2, γ � x2y2, and C � μ0I=π. Note that ρ and r
are non-negative. Eðk2Þ and Kðk2Þ are the complete ellip-
tical integrals of the first and second kind, respectively:

f x; y; zð Þ ¼ Cz
2α2βρ2 a2þr2

� �
E k2
� �

�α2K k2
� �h i

Bx ¼ xf x; y; zð Þ
By ¼ yf x; y; zð Þ



0

Fig. A1. Coordinate system for a current loop.
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Bz ¼
C

2α2β
a2�r2
� �

E k2
� �

þα2K k2
� �h i

ðA:1Þ
Appendix B. Voltage pickup of a wire loop

The equation for the voltage pickup on a wire loop
centered at ðx0; z0Þ and at an angle θ to the drive coil is

Vðx0; z0;θÞ ¼ �ω
Z a

�a

Z ffiffiffiffiffiffiffiffiffiffiffi
a2 � s2

p

�
ffiffiffiffiffiffiffiffiffiffiffi
a2 � s2

p ðBxðs cos θ
� �þx0; y; s sin θ

� �þz0Þ sin θ
� �

þBzðs cos θ
� �þx0; y; s sin θ

� �þz0Þ cos θ
� �Þ dy ds:

ðB:1Þ
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